Recently, Lutwak established general Minkowski inequality, Brunn-Minkowski inequality and Aleksandrov-Fenchel inequality for mixed projection bodies. In this paper, following Lutwak, we established their polar forms. As applications, we prove some interrelated results.  2005 Elsevier Inc. All rights reserved.
Introduction and main results
The study of projection bodies or zonoids in R n had a long and complicated history. An extensive article that details this is by Bolker [6] . After the appearance of Bolker's article, projection bodies and their duals have received considerable attention (see, e.g., [3, [8] [9] [10] 14, 18, 23, 26, 28, 31, [33] [34] [35] ). New applications have appeared in combinatorics (see Stanley [31] ), in stereology (see Betke and McMullen [4] ), in stochastic geometry (see Schneider [29] ), and even in the study of random determinants (see Vitale [32] ). In 1988, in a fascinating paper of Alexander [2] it was demonstrated a close relationship between the study of projection bodies and work on Hilbert's Fourth Problem. Also, results have been discovered by Goodey and Weil [13] , Martini [24] , Schneider and Weil [30] , Gardner and Zhang [12] , Grinberg and Zhang [15] , Monika [25] and Alexander [1] .
Mixed projection bodies are related to projection bodies in the same way as mixed volumes are related to ordinary volumes. The mixed projection bodies are by definition more general than projection bodies. The definition and elementary properties of mixed projection bodies can be found in [7] . The support functions of mixed projection bodies were studied by Chakerian [11] . Lutwak had studied in mixed projection bodies and their polars and obtained a number of elegant results (see, for example, [17] [18] [19] [20] [21] 23] ).
In 1993, general Minkowski inequality, Aleksandrov-Fenchel inequality and BrunnMinkowski inequality for mixed projection bodies were established by Lutwak [17] . These results can be stated as follows (all notions will be carefully defined in the body of the paper):
Theorem A. If K, L ∈ K n , and 0 i < n, then 
with equality if and only if K and L are homothetic.
The purpose of this paper is to establish polar forms of above three inequalities. Our main results are the following theorems.
The following general Minkowski inequality for polars of mixed projection bodies will be proved in Section 2.1:
The following general Aleksandrov-Fenchel inequality for polars of mixed projection bodies will be established in Section 2.2:
The following general Brunn-Minkowski inequality for polars of mixed projection bodies will be established in Section 2.3:
Please see the next section for above interrelated notations, definitions and their background materials.
Notation and preliminaries
The setting for this paper is n-dimensional Euclidean space R n (n > 2). Let K n denote the set of convex bodies (compact, convex subsets with non-empty interiors) in R n . We reserve the letter u for unit vectors, and the letter B for the unit ball centered at the origin. The surface of B is S n−1 . For u ∈ S n−1 , let E u denote the hyperplane, through the origin, that is orthogonal to u. We will use K u to denote the image of K under an orthogonal projection onto the hyperplane E u .
We use V (K) for the n-dimensional volume of convex body
where u · x denotes the usual inner product u and x in R n . Let δ denote the Hausdorff metric on For a convex body K and a nonnegative scalar λ, λK is used to denote {λx:
Mixed volumes
. . , r) and λ i (i = 1, 2, . . . , r) are nonnegative real numbers, then of fundamental impotence is the fact that the volume of λ 1 K 1 + · · · + λ r K r is a homogeneous polynomial in λ i given by [5] 
is the ith projection measure (Quermassintegral) of K and is written as W i (K) .
is the ith projection measure of K u in E u and is written w i (K u ).
Mixed projection bodies and their polars
If K is a convex body that contains the origin in its interior, we define the polar body of K, K * , by
If K is a convex body that contains the origin in its interior, then we also associate
We easily get that
We recall that the polar coordinate formula for volume in R n is
where dS(u) denotes the area element of S n−1 at u. The ith dual mixed volume of K and L about dual Quermassintegral is defined by Lutwak [20] , Taking
, and whose support function is given, for u ∈ S n−1 , by
It is easy to see,
The following property will be used later.
We use Π * (K 1 , . . . , K n−1 ) to denote the polar body of Π(K 1 , . . . , K n−1 ), and call it a polar of mixed projection body of
is called the ith projection body of K and is denoted Π i K. We write Π 0 K as ΠK. We will simply write Π * i K and Π * K rather than (Π i K) * and (ΠK) * , respectively.
Width-integrals of convex bodies
) is defined to be half the width of K in the direction u. Two convex bodies K and L are said to have similar width if there exists a constant λ > 0 such that b(K, u) = λb(L, u) for all u ∈ S n−1 . Width-integrals were first considered by Blaschke [5] . The width-integral of index i is defined by Lutwak [22] . For
The width-integral of index i is a map B i : K n → R. It is positive, continuous, homogeneous of degree n − i and invariant under motion. The following simple observation will be used later:
Lemmas and main results

Lemmas
The following lemmas will be used later. 
with equality if and only if K is centered.
Proof. From (1.3.1), we have
.
Applying Minkowski integral inequality [16] and in view of (1.2.1) and (1.2.3), we obtain that
with equality if and only if h(K, u) = h(K, −u) for u ∈ S n−1 . This is the desired result. 2
In the special case i = 0, if K ∈ K n , then
Lemma C [28] .
The Minkowski inequality for polars of mixed projection bodies
The following general Minkowski inequality for polars of mixed projection bodies stated in the introduction will be established: If K, L ∈ K n and 0 i < n − 1, theñ
with equality if and only if K and L are homothetic. This is just the special case j = 1 of: This is just a polar form of the following inequality which was established by Lutwak [17] :
Proof of Theorem 2.1.1. From the special case of Lemma C, we obtain that
with equality if and only if K u and L u are dilates, it follows if and only if K and L are dilates [27] . In view of (2.1.2) and Lemma A, and using Minkowski integral inequality, we have for i < n − 1,
In view of the equality conditions of (2.1.2) and Minkowski integral inequality, it follows that the equality holds if and only if K and L are homothetic. This completes the proof of Theorem 2.1.1. 2 Remark 2.1.1. Taking j = 1, i = 0 to (2.1.1), (2.1.1) changes to the following inequality.
with equality if and only if K and L are homothetic. This is just the polar form of the following inequality which was given by Lutwak [17] .
The Minkowski inequality for mixed projection bodies. If
A somewhat surprising consequence of Theorem 2.1.1 is the following version.
Theorem 2.1.2. If K, L ∈ η ⊂ K n , and 0 i < n − 1, while 0 < j < n − 1 and if either
hold, then it follows that K = L, up to translation.
This is just the polar form of the following result which was given by Lutwak [17] .
and 0 i < n, while 0 < j < n − 1 and if either 
with equality if and only if K and L. Hencẽ
with equality if and only if K and L are homothetic. Similarly, taking L for M in (2.1.3) and using again Theorem 2.1.1, we get
with equality if and only if K and L are homothetic. Hencẽ
and K and L are homothetic, in view of projection bodies are centered, then there exist λ > 0 such that K = λL, then λ −(n−1)(n−i) = 1, for 0 i < n − 1, therefore λ = 1. 2
Exactly the same sort of argument shows that condition (2.1.4) implies that K and L must be translates. 
This is just is the polar form of the following result which was given by Lutwak [17] .
and 0 i < n, and if either
W i Π 1 (K, M) = W i Π 1 (L, M) , for M ∈ γ, or W i Π 1 (M, K) = W i Π 1 (M, L) , for M ∈ γ hold, then it follows that K = L, up to translation.
The Aleksandrov-Fenchel inequality for polars of mixed projection bodies
The following Aleksandrov-Fenchel inequality for polars of mixed projection bodies will be established:
This is just a polar form of the result which was given by Lutwak [17] :
In fact a general version of the Aleksandrov-Fenchel inequality for polars of mixed projection bodies holds:
This is just a polar form of the following result which was given by Lutwak [17] : 
By using the special case of Lemma C, we easy get that
On the other hand, the Hölder's inequality can be stated as [16] 
with equality if and only if all f i are proportional.
From (2.2.2)-(2.2.4), we obtain that
The proof is complete. 2
From the case r = n − 1 of inequality (2.2.1), it follows that Corollary 2.2.1. If K 1 , . . . , K n−1 ∈ K n , and 0 i < n, theñ If K 1 , . . . , K n−1 ∈ K n , and 0 i < n, then
with equality if and only if K 1 , . . . , K n−1 are homothetic.
with equality if and only if K and L are homothetic.
Similarly, we also get the following result: 
with equality if and only if K and L are homothetic. Hencẽ Thereforẽ
, where K and L are homothetic and in view of projection bodies are centered, then there exist λ > 0 such that
Exactly the same sort argument shows that condition (2.2.7) implies K = L, up to translation.
Similar to the above proof of Theorem 2.2.2, we also get the following result: 
This is just the special case j = 1 of Theorem 2.1.2. Moreover, it also is a polar form of the following result which was given by Lutwak [17] :
The Brunn-Minkowski inequality for polars of mixed projection bodies
The following Brunn-Minkowski inequality for polars of mixed projection bodies will be established:
with equality if and only if K and L are homothetic. This is just a polar form of the following result which was given by Lutwak [17] :
with equality if and only if K and L are homothetic. In fact a considerably more general inequality of Brunn-Minkowski inequality for polars of mixed projection bodies holds: This is just a polar form of the following result which was given by Lutwak [17] : 
